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Abstract. For a given Sturm-Liouville equation, we prove several new mono-
tonicity results about its eigenvalues on the space of self-adjoint boundary condi-
tions, and show that the monotonicity does not change along certain natural loops
in this space. These results yield a general way for finding and/or proving inequali-
ties among eigenvalues for different boundary conditions. For example, we obtain a
natural explanation and a short proof of the inequalities among eigenvalues for cou-
pled boundary conditions and those for separated boundary conditions established by
Eastham, Kong, Wu and Zettl in [ 6 ]; moreover, several new sequences of inequalities

among eigenvalues are derived.

This paper is a continuation of [11] and [5]. We study self-adjoint Sturm-Liouville
problems (SLP’s) associated with Sturm-Liouville equations (SLE’s) of the form

(0.1) ~(fy')" +qy = Awy on (a,b),
where
(0.2) —o0<a<b< oo, 1/f, ¢, w € L((a,b),R), fyw >0 a.e.on (a,b),

and A € C is the so-called spectral parameter. Here, for an interval J C R, we denote by
L(J,R) the space of Lebesgue integrable real functions on J.
The following inequalities are well-known:

(03) AV ST <A <00 ST <A < {0, A0)
A5 <A SN SN <A S A8 <
where {AP}, cn, (A3} en, (AP}, ey and {AN},cx are the eigenvalues for the periodic,

semi-periodic, Dirichlet and Neumann boundary conditions (BC’s), respectively. Here, for
any list L of numbers, the notation {L} with bold faced braces means each of the numbers



in L; for example, for any two numbers ¢; and ca, {c1, o} means each of ¢; and ¢y. The
above inequalities have been extended to the case of an arbitrary coupled self-adjoint BC
in [6] (see also [7]). A key point in the work [6] is the identification of two separated
self-adjoint BC’s corresponding to the given coupled self-adjoint BC that play, in these
general inequalities, the role of the Dirichlet and Neumann BC’s in the above classical
inequalities.

Such general inequalities have also been found for singular SLP’s with regular or
limit circle non-oscillatory end-points [10], for left-definite SLP’s with an indefinite weight
function w [12], for self-adjoint SLP’s whose leading coefficient function f changes sign
[4], for singular left-definite SLP’s with an indefinite w [14], and for generalized SLP’s
with finite spectra [13].

In addition to being interesting by their own, this type of general inequalities have two
applications. First, they yield an algorithm for computing the eigenvalue with a given index
(say, the eighth eigenvalue) for coupled self-adjoint BC’s. See [2] for an implementation of
this algorithm in some cases. For separated self-adjoint BC’s, such an algorithm is provided
by the Priifer angle characterization of eigenvalues. Second, using such inequalities one can
generalize asymptotic formulas for eigenvalues from the case of separated self-adjoint BC’s
to the case of coupled self-adjoint BC’s. For example, in the situation where f changes
sign, such a generalization of the asymptotic formulas from [1] and [3] is achieved for the
first time in [4].

However, in the papers [6], [7], [10], [12], [4], [14] and [13], no explanation is given
as to why the separated self-adjoint BC’s used in the inequalities should be chosen in the
way first given in [6]. An explanation is of crucial importance if one wants to generalize
these inequalities to the case where the differential equation (DE) in the spectral problem
is of a higher order.

In this paper, using the geometric structure on the space B® of self-adjoint BC’s given
in [11], we first obtain some natural loops in B®. The intersections of some of these loops
with the space of separated self-adjoint BC’s are exactly the two separated self-adjoint
BC’s used in the general inequalities established in [6]. This gives a natural explanation
of these two BC’s. Then, starting from derivative formulas for eigenvalues given in [11],
we prove several monotonicity results about the eigenvalues of (0.1) on the above natural
loops, see Theorem 3.38. These results, together with the complete characterization of
the discontinuities of the indexed eigenvalues given in [9], yield a general way for finding
and/or proving inequalities among eigenvalues for different BC’s. In particular, we obtain
a short proof of the general inequalities in [6]. Moreover, new general inequalities (parallel
to the general inequalities in [6]), and new inequalities among the eigenvalues for a generic
coupled self-adjoint BC and those for two corresponding special coupled self-adjoint BC’s
(i.e., two on the so-called jump set) are derived in this way, see Theorems 4.53 and 4.63.

One can give a similar proof of the general inequalities found in [4], and here we omit
the details. Note that the general inequalities in [10], [12] and [14] are derived from the
ones in [6]. Moreover, such inequalities can also be established for SLP’s with limit circle
oscillatory end-points, see [16].



A natural remaining question about the general inequalities in [6] is: when does an
equality in them hold? Combining techniques in [11] and this paper, we can give a complete
answer to this question, see [17].

This paper’s monotonicity results about eigenvalues on natural loops of self-adjoint
BC’s and general way for finding and /or proving inequalities among eigenvalues for different
self-adjoint BC’s can be generalized to the case where the DE in the spectral problem is
of a higher order. We will pursue this in a further publication.

The organization of this paper is as follows. In Section 1, we introduce our notation
and recall some basic results. To illustrate the main ideas of our approach, in Section 2
some inequalities among eigenvalues for separated self-adjoint BC’s are established using
known monotonicity results. In Section 3, we present some natural loops in the space of
self-adjoint BC’s and prove new monotonicity results about eigenvalues, while Section 4 is
devoted to a short proof of the general inequalities in [6] and the derivation of some new
inequalities.

§1. Notation and Basic Results

For any m,n € N, we use M, ,(C) to denote the vector space of m by n complex
matrices, and My, ,,(C) its open subset consisting of the elements with the maximum rank
min{m, n}; while M,, ,(R) and My, , (R) are the real analogs of My, ,(C) and My, , (C),
respectively. When a capital Greek or Latin letter other than Y stands for a matrix,
the entries of the matrix will be denoted by the corresponding lower case letter with two
indices. Let GL(2, C) be the set of invertible complex matrices in dimension 2, and SL(2, R)
its subset consisting of the real elements having determinant 1. For a complex matrix A,
A* stands for its complex conjugate transpose.

By a solution of (0.1) we mean a function y on (a, b) such that y and fy’ are absolutely
continuous on all compact subintervals of (a,b) and satisfy (0.1) a.e.. The regularity
conditions in (0.2) imply that every solution y and its quasi-derivative fy’ have finite
limits at the both end-points a and b, and any initial-value problem for (0.1) on |[a, b] has
a unique solution.

For each A € C, let ¢11(-, A) and ¢12(-, A) be the solutions of (0.1) determined by the
initial conditions

(1'1) ¢11(a7 )‘) =1, (f¢,11)(a7 )‘) =0, ¢12(a7 )‘) =0, (f¢,12)(a7 )‘) =1

We denote f¢}; by ¢21 and f@!, by ¢aa. Set

(1.2) B(t,\) = <z;g ig z;zgiz i;) telab], AeC.

For each t € [a,b], ®(t,\) is an entire matrix function of A\. Moreover, &(t, \) € SL(2,R)
for t € [a,b] and A € R.



For a solution y of (0.1), we set

(1.3) Y = (fg/)'

The self-adjoint BC’s are represented by linear algebraic systems of the form
(1.4) AY(a)+ BY(b) =0,

where (A|B) € M3 4(C) satisfies

i A0 D) )
Following [11], we take the quotient space
(16)  qrec)\Maa(©) = {{(TA|TB): T € GL(2,C)}; (4] B) € Mz,(0)

as the space of BC’s, i.e., each BC is an equivalence class of coefficient matrices of linear
algebraic systems of the form (1.4) with (A|B) € M3 4(C). The BC represented by (1.4)
will be denoted by [A|B]. Note here that square brackets, not parentheses, are used.
Usual bold faced capital Latin letters, such as A, will also be used for BC’s. The space B}
of real self-adjoint BC’s consists of the separated real BC’s and the coupled BC’s of the
form [K | — I] with K € SL(2,R). The space B® of complex self-adjoint BC’s is made of
the real self-adjoint BC’s and the non-real BC’s of the form [e"K | — I]| with v € (0,7)
and K € SL(2,R). By [11], B is a compact real analytic manifold and can be obtained
by “gluing” its open sets

(1.7) Of =05 ={[e"K| —I]; y€[0,7), K € SL(2,R)}
(1.8) Og = { (1] a;Q _01 ij ;a1 ER 2z € CLbyy € R},
(1.9) oS = (1 a2 —Z 0-'a €R,z€C,by; €R

. 3 = 0 2 b21 1| 12 21 )
(1.10) o = an 10—z s a1 ER,z€C, by €R

: 4 — P 0 —1 b22 ; W11 z 22 ’
(1.11) Of = an 1oz 0] €ER,z€C,by €R

: 5 — 2 0 b21 —11 11 ) » V21

via the coordinate transformations among these open sets. Note that the topology on the
open set in (1.7) is the one induced from the usual topology on Mj o(C), and each of the
four open sets in (1.8)—(1.11) can be identified with R%. Open sets OF, i = 1, ..., 6, of B®
can be defined using (1.7)—(1.11) with w = 0 and C replaced by R. Then, B® is a compact
real analytic manifold and can be obtained by gluing these open sets via the coordinate
transformations among them, and each of OF, ..., OF can be identified with R3.
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In this paper, we always consider the arbitrarily fixed SLE (0.1) satisfying (0.2), and
hence call the eigenvalues of the SLP consisting of (0.1) and a BC the eigenvalues for the
BC. The following result is well-known and can be verified directly.

THEOREM 1.12. A number A € C is an eigenvalue for (1.4) if and only if

(1.13) A(N) = det(A + BS(b,\)) = 0.

For its importance, we will call the entire function A, unique up to a non-zero con-
stant multiple, the characteristic function for the BC [A | B]. Recall that the analytic
multiplicity (or just multiplicity) of an isolated eigenvalue is the order of the eigenvalue
as a zero of A. An eigenvalue is said to be simple if it has multiplicity 1, while the
eigenvalues of multiplicity 2 are called double eigenvalues. When we count the (isolated)
eigenvalues for a BC in a domain in C, their multiplicities are taken into account. The
linear space spanned by the eigenfunctions for an eigenvalue is called the eigenspace for
the eigenvalue. The geometric multiplicity of an eigenvalue is defined to be the dimen-
sion of its eigenspace, which is either 1 or 2. The linearity of the DE (0.1) implies that the
geometric multiplicity of any eigenvalue for a separated BC is 1.

For a coupled self-adjoint BC [ K | —I], where K € SL(2,R) and 7 € R, if we rewrite
it as [¢"/2K | — e~"7/2]], then straightforward calculations yield that the characteristic
function for it is

(114) A()\) =2 COS7y — k22¢11(b7 )\) + k21¢12(b, )\) + k12¢21<b, )\) — k11¢22<b, )\)

Thus, the eigenvalues for [e7K | — I] are the same as those for [e™ 7K | — I], counting
multiplicity.
The following result is also well-known.

TuEOREM 1.15. For each A € BF, there are infinitely many eigenvalues for A, and
they are all real and can be ordered to form a non-decreasing sequence

(1.16) A(A) < Aa(A) < A3(A) < - -

approaching +o0o so that the number of times an eigenvalue appears in the sequence is
equal to its analytic multiplicity.

The following result is from Theorem 5.5 in [11].

TureoREM 1.17. The analytic multiplicity of each eigenvalue for any self-adjoint bound-
ary condition is equal to the geometric multiplicity of the eigenvalue.

So, for any eigenvalue for a self-adjoint BC, we will not distinguish its multiplicity
and geometric multiplicity.

The next result is a slight generalization of a special case of Theorem 3.1 in [15] or
Theorem 3.2 in [8], and can be proved using Rouché’s Theorem from complex analysis.
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TaHeEOREM 1.18. Let R C R be a bounded open set such that its boundary does
not contain any eigenvalue for a given self-adjoint boundary condition A, and n > 0 the
number of eigenvalues for A in R. Then there exists a neighborhood N of A in B® such
that any boundary condition in N also has exactly n eigenvalues in R.

REMARK 1.19. Let A, be an eigenvalue for a self-adjoint BC Ag and n its multiplicity.
Pick a small € > 0 such that Ay has exactly n eigenvalues in the interval [A. — €, A, + €.
Then, by Theorem 1.18, there is a connected neighborhood O of Ag in B® such that each
BC in O has exactly n eigenvalues in (M. — €, A\« +¢€). Thus, there are continuous functions
Ay, .oy Ay O — R defined on O such that

1) Al(Ao) == An(Ao) = )\*;

2) N(A)<--- < A, (A) for any A € O;

3) for each A € O, A;(A), ... and A,,(A) are eigenvalues for A.
From Theorem 1.17 we see that n = 1 if Ay is a separated BC. In any case, locally, they
are the only such functions and are called the continuous eigenvalue branches through
Ak

We can apply the above ideas to any finite number of eigenvalues for a self-adjoint
BC to get similar conclusions.

§2. Illustration of Main Ideas

In this section, as an illustration of the main ideas of our approach, from well-known
monotonicity results we deduce some inequalities among eigenvalues for separated self-
adjoint BC’s.

Each separated self-adjoint BC can be written in the form

cosa —sino 0 0
(2.1) Sa.p = 0 0 cos3 —sinf3

with o € [0,7) and § € (0,7]. For example, the Dirichlet BC D = 8 . Note that the
space

(2.2) T ={Sap3 acl0,m), e (0,7}

of separated self-adjoint BC’s is diffeomorphic to the torus.
The following results can be shown using the Priifer angle characterization of the
eigenvalues for separated self-adjoint BC’s and Theorem 1.17.

LEmMmA 2.3. Let n € N. As a function of («, 3), A (Sa,3) is continuous on [0, 7) x (0, 7],
strictly decreasing in «, and strictly increasing in (3. Moreover, for each o € [0, ),

2.4 lim A1(Sap) =-00,  lim A(Sas) = An-1(Sax) if n > 2,
(2:4) Jim A1 (8ap) = =00, lim An(8as) 1(Sar) if n

6



and for each 8 € (0, ],

(2.5) lim A1 (Sas) = —00, lim An(Sas) = An_1(So.) if n > 2.

a—>T oa—T

In the rest of this section, we will abbreviate A, (S, ) as A, (a, 8) for any n € N and
a, B eR.

Fix an n € N and an a € [0,7). By Lemma 2.3, A\, («, 3) is a strictly increasing
function of B on (0, 7|. Therefore, for each g € (0, 7],

(2.6) lim A, (o, 7) < Ao, B) < (o, 7).

T—07t

Hence, from (2.4) we obtain that

(2.7) —00 < Ai(a, B) < A (a, ), An—1(a,m) < Ap(e, B) < A, ) if n > 2,
A
As(a,7) / Az, )
Xo(a, ) Az (a,m)
A (a, ) At (e, )
0 B

Figure 2.8. Eigenvalues as Functions of 3, Case 1
or equivalently,
(2.9) —00 < AMi(e, B) < Ai(a,m) < Aa(a, B) < Aa(a,m) < ---

These inequalities are interlacing relations among the eigenvalues for an arbitrary BC S, 3
in 7 and those for the corresponding BC S, -, which is Dirichlet at b.
Similarly, for any « € [0,7) and ( € (0, 7],

(210) —00 < )\1(0'/76) < Al(ovﬁ) < )\2(0'/76) < )\Z(Ovﬁ) <
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These inequalities are interlacing relations among the eigenvalues for an arbitrary BC S, 3
in 7" and those for the corresponding BC Sy g, which is Dirichlet at a.
Therefore, for any o € [0, 7) and 3 € (0, 7], combining (2.9) and (2.10) we obtain that

(2.11)  —oo < A1(a, B) < {A1(a, ), A1(0,8)} < Aa(a, B) < { Ao, ), A2(0,8)} < -+ .

It seems to us that these are the simplest inequalities of the same type as (0.3).

The eigenvalues for an arbitrary BC 8§, 3 in 7 can be compared with those for other
classes of BC’s in 7. For example, in stead of using S, » and Sy g, we can take BC’s in 7
which are Neumann at an endpoint. We now present the results so obtained.

Fix ann € Nand an a € [0, 7). If 0 < 3 < 7, then

(2.12) A, B) < M, §) < Ap(a,m) = lim+ Ant1(a, 7) < Ay (a, B).

7—0

As(a, ) As(a, )

Ao(a, ) ® ) (a,7)

A (a, ) M (a, )

Figure 2.13. Eigenvalues as Functions of 3, Case 2

Thus,

(214) )\1(0&,6) < )\1(0&, g) < )\2(0&,ﬁ) < )\2(0&, %) < -ee

If 5 <B<m, then

(2.15) Ao, 5) < Aplo, B) < Ap(a,m) = lim Appi(a,7) < Apgi(a, 5).

T—07F 2



As(a, ) Az(a, )

Ao(a, ) D )\ (a,7)

A (a, ) M (a, )

Figure 2.16. Eigenvalues as Functions of 3, Case 3

So,

(2.17) Mo, 5) < Ao, ) < X, 5) < A, B) <.
Similarly, fix a 8 € (0,7]. If 0 < a < 7, then

(2.18) AM(5.0) <Ai(a,B8) <X F,0) < Aea,B) <+

if § <a<m,then

(2.19) Ar(a, B) <M (Z,08) < (e, B) < Ao Z,8) < -+

To combine the inequalities in (2.14), (2.17), (2.18) and (2.19), there are four cases to

discuss, according to the values of @ and 3. We omit the details.
Note that for each S, g,

(2.20) {SQ,T; 0<71< 7T} and {ST’g; 0<t< 7T}

are two natural loops in 7 C B¢ passing through S, 3. Hence, The above examples
indicate a general way for finding and/or proving sequences of inequalities comparing the
eigenvalues for BC’s in one subset S; of B with those for BC’s in another subset Sy of B°,
i.e., sequences of inequalities can be written down using graphs such as those in Figures

2.8, 2.13 and 2.16 whence the following three ingredients are obtained:
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1) for each BC A in Sy, there are (natural) loops in B¢ passing through A such that each
of them contains exactly one BC from Ss;

2) on each of these loops, all continuous eigenvalue branches have the same monotonicity,
and each continuous eigenvalue branch does not change its monotonicity;

3) the complete characterization of the discontinuities of the indexed eigenvalues from
[9] then tells us on such a loop, where and how the indices of the eigenvalues change.

Moreover, we remark that derivative formulas such as those given in [15], [8] and [11]
are powerful tools for showing monotonicity results. To apply such formulas, the loops
used in the above general method are required to be smooth a.e..

§3. Natural Loops of Boundary Conditions and Monotonicity of Eigenvalues

In this section, we obtain a natural explanation of the two separated self-adjoint BC’s
used in the general inequalities established in [6], and present new monotonicity results
about continuous eigenvalue branches.

We begin by establishing some limits in the space B¢ of self-adjoint BC’s.

LEmMA 3.1. In B¢, we have the following limits:

(32) 325&0:(1) - bi_::g 0 bgz_ veelibn R,
o [ R 8] weecmen
o LN E B a] eecmen
s[5 [0 0 5] veecmen

Proor. We verify (3.2) as follows:

. |1 s 0 zZ| . |1/s 1 0 Z/s
<36) sl}gloo |:O z —1 bgg} = lm |i0 z —1 b22:|

:[0 1 0 0}:{0 1 0 0}
0 z —1 by 0 0 —1 bool
Similarly, one can prove the other limits. i
Next, using the above limits, we give some natural loops in B°.
LEMMA 3.7. 1) Any boundary condition

(3.8) {1 a2 0 %

C
0 z -1 bgg} 602

10



lies on a simple real-analytic loop in B, i.e.,

1 s 0 z 01 0 0
(39) C2,z,bzz T { |:0 2 -1 b22:| » 5 € R} U { |:0 0 -1 b22:| } ’

ii) Any boundary condition

1 a2 —=Z2 0 C
(3.10) [0 . _1}603

lies on a simple real-analytic loop in B, i.e.,

L s -5 0 01 0 0
(3.11) Cs.2.m1 '_{{0 z by —1}7S€R}U{{O 0 b _1]}'

iii) Any boundary condition

(3 12) [all 1 0 —Z

C
z 0 -1 bgg} < 04

lies on a simple real-analytic loop in B, i.e.,

s 1 0 -3z 10 0 O
(3.13) Ca,z,b2» _{[2 0 -1 bzz}’seR}U{{O 0 -1 bQQ]}'

iv) Any boundary condition

(3.14)

a;r 1 Z 0
z 0 521 -1

}eog

lies on a simple real-analytic loop in B, i.e.,

s 1 =z 0 10 0 0
(3.15) Cs,2,ba —{{z 0 boy —1}’S€R}U{{O 0 b2 _1]}.

Proor. By (3.2), the definition (3.9) of Cy . 4,, implies that Ca , 3,, is a simple loop,
and its part in OF is real-analytic. Thus, the only thing left is to verify the real-analyticity
of the loop at its limit point, i.e., its point not in OS. If s # 0, then

(3.16) {1 s 0 5}:{1/8 1 0 Z/s }

0 2z —1 by —z/s 0 —1 boy —2Z/s

So, a neighborhood of the limit point in the loop is

t 1 0 1z
<317) {[—tz 0 -1 b22—t25:| ’ tER},

11



which implies the real-analyticity of the loop at the limit point.
Similarly, one can prove the other claims. |

Note that for ¢ = 2, 3, 4 and 5, the loop C; . ,, stays in B* if and only if z € R.

Now, we give the separated BC’s on the above natural loops through a given coupled
self-adjoint BC.

LemMa 3.18. Let [V K | — I] € B®, where K € SL(2,R) and v € R.
1) If ]{712 % O, then

i ]{711/1{712 1 —e_i’y/klg 0 C
~ _ . ]
(3.19) e"K| —1I]= { 6V /k1s 0 koo/kuo 1 € 05,

and the only separated boundary condition on the loop given in Lemma 3.7 iv) through
this point is

1 0 0 0
(3.20) Sk = {0 0 ko —klz} .

11) If ]{722 7é O, then

i ]{721/1{722 1 0 —e iry/kgg C
iy . _ -
(3.21) e"K | —1I]= [617/k22 0 1 ko koo € Oy,

and the only separated boundary condition on the loop given in Lemma 3.7 iii) through
this point is also Sk defined by (3.20).
111) If ]{711 7é O, then

i 1 ]{712/1{711 —6_17/k11 0 c
iy R s ]
(3.22) K| — 1] = [0 e e ke D eos,

and the only separated boundary condition on the loop given in Lemma 3.7 ii) through
this point is

0 1 0 0
o2 resf0 1 0 07

iV) If k‘gl 7£ 0, then

1 koo/kor 0 —e /koy

iy _ — :
(3.24) [e K| I] [0 —e17/k21 -1 kll/k21

}EOS,

and the only separated boundary condition on the loop given in Lemma 3.7 i) through this
point is also T'i defined by (3.23).

12



ProOF: i) Since k15 # 0, the condition det K = 1 implies that

' k11/k12 1 —e " /kis 0
el = | .
(3.25) 7K | — ] { B e, o
_ [ kl.l/k'lg 1 —e_iry/k'lg 0 }
—e7/kia 0 koo/kia —1|°

By Lemma 3.7, the only separated BC on the loop in (3.15) through this point is Sk.
ii) Since koo # 0, the condition det K = 1 yields that

i k21/k22 1 0 _e—i’y/k22
iy - _ ] )
(3.26) VK| 1] = { e gk, 1 0

_ [kgl/kgg 1 0 —e_iv/k22:|
ew/kgg 0 -1 k12/k22 ‘

By Lemma 3.7, the only separated BC on the loop in (3.13) through this point is also Sk.
iii) and iv) The proofs are very similar and hence omitted. i

Therefore, OF, OF, Of and Of together form a natural atlas of coordinate systems on
B€ (similarly, a natural atlas of coordinate systems on B® consists of 0%, O%, O} and OF),
and the two separated BC’s used in the general inequalities established in [6] are nothing
but limits in coordinate directions of these coordinate systems (i.e., the intersections of
natural loops in coordinate directions with the space of separated self-adjoint BC’s).

For a point p in a differential manifold M, we denote by T, M the tangent space of
M at p. From Remark 5.8 in [11] we obtain the following results.

LemMA 3.27. If A\, is an eigenvalue for A € B¢ of geometric multiplicity 1, then
each continuous eigenvalue branch A through A, is differentiable at A. Moreover, using a
normalized eigenfunction u for A\, i.e., an eigenfunction for \, satisfying

(3.28) / (et (t) df = 1,

we have the following derivative formulas: if A € OS, then

hoo \ ((ull(a
(3.29) dA|,(H [ L)) = (ull(a) wulI(b)) (Z;z h22> <u[i}((b;)

122

for any (H | L) in

(3.30) TaB" = TAOS = {(8 Z;z 8 ?2222) i hi2,l22 € R, hag € C} ;

if A € O, then

pan a6 ) (G ) ()

_l21
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for any (H | L) in

(3.32) TaB® = TA0S = {(8 Z;z _12122 8) i hig,l21 ER, hog € (C};

if A € Of, then

a3 o) =G o) (i) (A9

lao
for any (H | L) in
(334) TABC = TAOE = hll 00 _h21 ; hll,lgg € ]R, h21 eC ;
har 0 0 oo

if A € OF, then

=~ vy (b ha u(a)
(3.35) a1 2) == (@ won (o ) ()
for any (H | L) in

(3.36) TaB" = TAOS = {(Z; 8 }le 8) i hi1,lo1 €R, hoy € (C}.

The following result is from Theorem 4.1 in [11].

LEmma 3.37. Let A € R. Then, among all the complex boundary conditions,
[@(b, )| — I] is the unique one that has A as an eigenvalue of geometric multiplicity

2.

As direct consequences of Lemmas 3.27 and 3.37, we have the following new mono-

tonicity results.

TaEOREM 3.38. Ift = 2 or 3, then for any z € C and ¢ € R, each continuous eigenvalue
branch on C; . . is always increasing in the a,2-direction of OFf; if i = 4 or 5, then for any
z € C and c € R, each continuous eigenvalue branch on C; . . is always decreasing in the

a11-direction of OF.

ProoF. Let z € C and byy € R, and A be a continuous eigenvalue branch on (a simply

connected part of) Cs , p,,. Fix an so € R such that

(3.39) A(s) ::[1 s 0 E}

0 z -1 b22
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lies in the domain of A when s = sg, and A(A(sg)) has geometric multiplicity 1. Assume
that u is a normalized eigenfunction for A(A(sp)). Then, by (3.29),

(3.40) —|  A(A(s)) = ul(a) ulf(a) > 0.

For s near sg, A(A(s)) has geometric multiplicity 1 and hence non-negative derivative.
Thus, A is increasing near A(sg). Note that Cs . p,, and the curve

(3.41) A [B(,N)| =1,  AER,

are both real-analytic. So, either they agree completely, or their intersection is discrete in
C2,2 by, In the latter case, A has geometric multiplicity 1 on a dense open subset of its
domain, and hence A is always increasing. The former case can happen at most for one
pair z € C and bys € R, and the always increasingness of /A can be deduced from the latter
case by perturbing z or bys.

Similarly, we can show the other claims. |l

§4. Inequalities among Eigenvalues: Old and New

In this section, using the natural loops of BC’s and monotonicity results on continuous
eigenvalue branches from the last section, we give a new proof of the inequalities in [6 ]
and derive some new inequalities.

In order to introduce the third ingredient needed, i.e., information about the discon-
tinuities of \,, we let

(4.1) FE = {[ei’vm ~I; K eSL(2,R), kitkia <0, 7€ [0,%)},
c _ 1 as —Zz 0 .

(42) H_—{|:O 5 by _1:|, as <0, blek,zeC},

(4.3) HE = OS\ HE,

(4.4) JE = {[e”K| —I; KeSL(R), kiz=0, v e [o,w)}

a1 an 0 0 R, o
U{|:0 0 b bZ}GB, ang—O}.

The following results are from Theorem 3.73 in [9].

LEMMA 4.5. The function Ay on B is continuous on B¢\ J¢ and discontinuous at each
point of J€. For every n € N satisfying n > 2, the function )\, is continuous on B¢\ J¢
and at each coupled boundary condition in J¢ where N\, = \,_1, and is discontinuous
at any other point of J¢. More precisely, the restrictions of each A, to F¢ and HE are
continuous, and for each A € J¢ N 'HE,

(4.6) lim A\ (B) = —o0, lim A\, (B)=A\,—1(A4) ifn > 2.
HY5B—A HE3B—A
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REMARK 4.7. The jump set J€ does not depend on the SLE (0.1). It is easy to
verify that [A| B] € B® is in JC€ if and only if the (2,1)-entry in B*A® is 0, where B® is the
transpose of B and A€ is the matrix of cofactors of A.

Note that the proof of the above results given in [9] does not use the inequalities in

[6].

For K € SL(2,R), let {u,(K), n € N} denote the eigenvalues for Sk given in (3.20)

and {v, (K), n € N} the eigenvalues for T'i defined by (3.23). Note that u,(K) = p,(—K)

and v,(K) = v,(—K) for all n € N. Moreover, from now on, \,([e"”K | — I]) will be

abbreviated as A, (e K). Now, we are ready to prove the essential parts of the inequalities
in [6].

THEOREM 4.8. Let [V K | — I] € B, where K € SL(2,R) and v € R.
i) We always have that

(4.9) METK) < (K) < X(e"K) < pp(K) < - .

ii) If ]{711]{312 § 0 and ]{711 7& O, then

(4.10) 1 (K) < M (e"VK) < va(K) < M(eVK) < -+ ;

Y

and if ]{711]{712 Z 0 and klg 7é O, then

(4.11) M(ETK) <vp(K) < A(e7K) < vp(K) < -

Note that if K € SL(2,R), then k17 and ki2 can not both equal 0, and hence either
k11k12 < 0 and k11 # 0, or ki11k12 > 0 and k2 # 0. So, for each coupled self-adjoint BC,
one and only one of (4.10) and (4.11) holds, unless A\, (e K) = v, (K) for all n € N.

Proor. 1) FiI‘St, assume that ]{312 7é 0. Let ai] = kll/l{flg, Zz = —ei’V/k:lg, b21 = kzg/k?lg,
and

20 by -1 VseR.

(4.12) Als) = {3 Lz 0 }
Then, by Lemmas 3.18 i) and 3.1, [V K | — I] = A(a11) is on the loop Cs_, p,,, and the
only separated BC on this loop is Sk = limg_, 4, A(s). Note that Sk is the only BC in
Cs 265, \ OF. By Remark 4.7 and direct calculations, OF does not intersect J, and hence
for each n € N, A\, (A(s)) is continuous in s on R. Thus, by Theorem 3.38, A, (A(s)) is
decreasing in s on R. To see the limits of A\, (A(s)) at £00, we notice that for s # 0,

|1 1/s Z/s 0
(4.13) Als) = 0 —z/s by —2zz/s —1|’
and hence
(4.14) A(s) e HE if s <0, A(s) e HS if s > 0.
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Since Sk € J NHE and lims .4, A(s) = Sk, (4.14) together with Lemma 4.5 yield that

(4.15) SEI_nOO M (A(s)) = M (Sk) = un(K) for n € N,
(4.16) Jim X (A(s) = oo,
(4.17) Sli)inoo A (A(s)) = Ac1(Sk) = pin—1(K) for n > 2.

Therefore, as in Section 2, we then deduce that for any s € R,
(4.18) A(A(s)) < pa(K) < X2 (A(s)) < pe(K) < ---
which implies (4.9).

If k15 = 0, then ky1ko2 = 1, and hence

k11 € )
4.1 K, .= L(2,R , lim K, = K.
( 9) <k}21 (1—|—€]€21)/k}11> < S ( ) VE#O el—>I%

By the definition of Sk, we see that

1 0 0 0
(4.20) SKe_[() 0 —1-—¢€ko 67€11}

In the case where k11 < 0: as e — 0T,

(4.21)  ["K.| —I] — ["K| —I] in F€, —1 —ekyy — —1, ek — 07
thus, by Lemmas 4.5 and 2.3, for each n € N,

(4.22) An(Ke) — Mn(K),  pn(Ke) — pn (K);

and hence we obtain (4.9) for this K from (4.9) for K.. In the case where k11 > 0: similarly,
by letting e — 0~ we deduce (4.9) for this K from (4.9) for K.
11) FiI‘St, assume that kll 7é 0. Let a2 = ]{712/1{711, z = ei’y/kll, b21 = kzl/l{fll, and

1 s -z 0

(4.23) A(s):[o o

} VseRR.

Then, by Lemmas 3.18 iii) and 3.1, [e"VK | — I] = A(a12) is on the loop Cs,.4,,, and
the only separated BC on this loop is Tk = lims_, 1+, A(s). By Remark 4.7 and direct
calculations, J¢ N Cs ,p,, = A(0). Hence, for each n € N, \,,(A(s)) is continuous in s on
(—00,0) and (0, +00), and

(4.24) m An(A(s)) = A (Tx) = vp(K).

s—*too
Moreover, by Theorem 3.38, A,,(A(s)) is increasing in s on (—o0,0) and (0, +00). Since
(4.25) A(s) e HE if s <0, A(s) e HS if s >0,
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Lemma 4.5 yields that

(4.26) 1_i)%1_ An(A(s)) = A (A(0)) for n € N,
(4.27) sli%l+ M (A(s)) = —o0, sli%lJr An(A(s)) = A—1(A(0)) for n > 2.

Thus, as in Section 2, we then deduce that for any s € R,

(4.28) v1(K) < A (A(s)) < wva(K) < X (A(s)) <--- if s <0,

(4.29) M(A(s)) S vi(K) < Xa(A(s)) Swvp(K) <---if s > 0.

Note that (4.28) implies (4.10); while (4.29) yields (4.11) when kq1k12 > 0.
If k11 =0, then ki2ko; = —1, and hence

._ € k12 . o
(430) Ke = ((EkQQ _ 1)/k12 k22) S SL(2,R) Ve 7£ 0, 21_)1% Ke =K.

By the definition of T, we see that

0 1 0 0
(431) TK€ - |i0 0 €koy—1 _Ek12:| .

In the case where k15 < 0: ase — 07,

(4.32) ["K, | — I — ["K| -1 ¢ JC, ekog —1 — —1, —ekyp — 07
thus, by Lemmas 4.5 and 2.3, for each n € N,

(4.33) An(Ke) — M(K),  vn(Ke) — va(K);

and hence we obtain (4.11) for this K from (4.11) for K.. In the case where k12 > 0:
similarly, by letting ¢ — 0% we deduce (4.11) for this K from (4.11) for K. }

When (k12 = 0 and) ka2 # 0, we can establish (4.9) using the natural loop Cy , p,,; and
when (k11 = 0 and) ko1 # 0, one can prove (4.11) using the natural loop Cs  p,,. However,
the required arguments seem to be longer than the corresponding ones in the above proof.

Using (1.14), we can now prove the inequalities in [6], which are just refinements of

(4.9)-(4.11).

THEOREM 4.34. Let K € SL(2,R).
i) If k11 > 0 and k12 < 0, then A\i(K) is simple, and for any v € (—m,0) U (0,7), we
have that

(4.35) v (K) < M (K) < M (@7K) < M\ (—K) < {m(K), ve(K)}
< Ao(—K) < Xa(€7K) < Ao(K) < {pa(K), vs(K)}
< N(K) < A3(e7K) < A3(=K) < {3(K), va(K)}
< A(—K) < M (eTK) < M(K) < {pa(K),v5(K)} < -
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ii) If k11 < 0 and k15 < 0, then \i(K) is simple, and for any v € (—m,0) U (0, 7), we
have that

(4.36) M(K) < M (e7K) < M (—K) < {u(K), 1 (K)} <
Ao(=K) < Xa(eTK) < Xo(K) < {p2(K), 1a(K)} <
A3(K) < A3(e7K) < A3(=K) < {us(K), v3(K)} <
M(=K) < Ma(e"K) < M(K) < {pa(K), va(K)} <

iii) If neither i) nor ii) applies to K, then either i) or ii) applies to —K.

Proor. Note that each of (4.35) and (4.36) implies that A (K) # A2(K), and hence
A1(K) is simple in these cases.

Since K is fixed, we are going to abbreviate u,(K) as u, and v,(K) as v,. From
(4.9)—(4.11) we obtain that if k11k12 < 0 and k17 # 0, then

(437) v <{M(€TK); v € R} < {1, 10} < {ha(e"K); v € R} < {pug, 15} < -+,
and if ]{711]{712 Z 0 and klg 7é O, then
(4.38) {M(e7K); v € R} < {pr,m} <{Aa(e"K); v € R} < {ug, 10} < -+

By Lemma 3.1 in [9], if k11 > 0 and k12 < 0, then
(4.39) JHm (k22¢>11(b, A) = k21012(b, A) — k12¢21 (b, A) + k11¢22(b, A)) = 400,

which together with (1.14) and (4.37) yield (4.35). We deduce ii) similarly, while iii) is
evident since k11 and k15 can not both equal 0. |i

So far, in our discussions, we have only used the loops along the a11- and a;2-axes. By
almost the same arguments, one can obtain similar inequalities in terms of the loops in the
bo1- and boo-directions. These similar inequalities can also be derived from the inequalities
we already have by an easier method, which we now present.

After the substitution

(4.40) t=—s

the SLP consisting of (0.1) and (1.4) is transformed to the SLP consisting of

(4.41) (7Y + =i on (@),

(@) 50\ _
(4.42) BT ((ﬁyv')(a)) + AT <(ﬁﬂ')(b)) 0,
where a = —b, b= —a,
(4.43) U(s) = y(—s), B(s) = p(—s), etc Vs € (a,b),
(4.44) T— (é _01) .
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So, the coupled BC [¢"VK | — I] for (0.1) is transformed to the coupled BC

iy faiyrpe—l e_%vkzz e_%wﬁz -1 0
(4.45) T |"KT] = [ "TK T I]_L_%l R

for (4.41), while transformed to the separated BC’s

1 0 0 0 0 1 0 0
(4.46) [ e

0 0 ki —ki2
for (4.41) associated with the coupled BC (4.45) for (4.41) are the separated BC’s

0 0 1 0] [k kiz 0 0
ki ki 0 0|0 0 -1 0]

[0 0 0 1] [k ke 0 0
(4.48) VK'_[—/@I —kyy 0 0}_[0 0 0 —1}

(4.47) Uk = {

for (0.1), respectively. So, from Theorems 4.8 and 4.34 applied to the SLP consisting of
(4.41) and (4.45) we immediately obtain the following results.

TureorREM 4.49. Let [V K | — I] € BS, where K € SL(2,R) and v € R. Denote by
{on(K); n € N} the eigenvalues for U i, and by {7,,(K); n € N} the eigenvalues for V .
i) We always have that

(4.50) AM(eVK) < 01(K) < M(e"K) < 09(K) < -+ - .

11) If k12k22 S 0 and ]{322 % 0, then
(4.51) 71(K) < A (e7K) < 1o(K) < Ag(eVK) < -+
and if ]{712]{722 Z 0 and klg 7é O, then

(4.52) M(ETE) < 1(K) < X(e"K) < mp(K) < - - .

Note that if K € SL(2,R), then k12 and koo can not both equal 0, and hence either
ki2koo < 0 and koo # 0, or kiokos > 0 and k15 # 0. So, for each coupled self-adjoint BC,
one and only one of (4.51) and (4.52) holds, unless A, (e K) = 7,(K) for all n € N.

TueoREM 4.53. Let K € SL(2,R), and introduce {o,,(K); n € N} and {1,,(K); n € N}
as in Theorem 4.49.

i) If k12 < 0 and ko > 0, then A\i(K) is simple, and for any v € (—m,0) U (0,7), we
have that

(4.54) 1 (K) K) < M(e"K) < M (=K
—K) < M(e"K) < Xo(K
K) < A3(e"K) < M\3(—K

—K) < )\4(617K) < )\4(K

1

N

3

ﬁ/yyy
N N N /N
P N
Q
[\V]
~—~ ~~ —~
N— e N N
&
/N N N /N

IAIA A IA
VAN VAN VAR VAN
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ii) If k12 < 0 and kao < 0, then \i(K) is simple, and for any v € (—m,0) U (0,7), we
have that

(4.55) M(K) < M(e7K) < M (=K
A2(—K) < Xa(e"K) < Xo(K
A3(K) < A3(e""K) < \3(=K
M(—K) < M(e"K) < M\(K

(VAN VAN VAR VAN
VAN VAN VAN VAN

-
Q
w

iii) If neither i) nor ii) applies to K, then either i) or ii) applies to —K.

The inequalities of Theorem 4.53 are also generalizations of (0.3), just as those in
Theorem 4.34 are. Since k17 and kqs form the first row of K and the second row of K
consists of ko and koo, the two separated BC’s U i and V i are easier to write down than
Sk and Tk.

In the following, we frequently use the fact that if k12ks; > 0, then kq1koo > 0, since
det K = 1.

REMARK 4.56. We now compare Theorems 4.49 and 4.53 with Theorems 4.8 and 4.34.
First of all,

S =Ugk if and only if k15 = 0,
T = Ug if and only if k171 =0,
Sk =V if and only if kogy = 0,
Ty =V if and only if ko = 0.

In the case of (4.57), one obtains (4.50) from (4.9); in the case of (4.58), we deduce (4.50)
from (4.11); in the case of (4.59), one derives (4.52) from (4.9); while in the case of (4.60),
we obtain (4.51) from (4.10) if k11k12 < 0 (i.e., k12ka2 < 0), and (4.52) from (4.11) if
ki1ki2 > 0 (i.e., kiokoo > O)

The statements about the simplicity of A\;(K) in Theorem 4.53 can be deduced from
those in Theorem 4.34, since ki1koo > 0 when k15 = 0.

The two separated BC’s Ui and Vi are equal to Sk and T g, respectively, at the
same time if and only if K is diagonal. In this case, only (4.35) and (4.54) hold (replacing
K by —K and 7 by v — 7 or v + 7 if necessary), and they are the same.

The two separated BC’s Ui and Vi are equal to Tk and Sk, respectively, at the
same time if and only if K is off-diagonal. In this case, only (4.36) and (4.55) are true
(replacing K by —K and v by v — m or v + 7 if necessary), and they are identical.

The inequalities in Theorems 4.8, 4.34, 4.49 and 4.53 are obtained by comparing the
eigenvalues for coupled self-adjoint BC’s with the eigenvalues for separated self-adjoint
BC’s on the natural loops. One deduces more new inequalities using comparison with
the eigenvalues for self-adjoint BC’s in the jump set J¢ on the loops. We present these
inequalities next.
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For each K € SL(2,R) with k11 # 0, we set,

ES k11 0
4.61 K = ;
(4.61) (k21 1/k14 )
and for every K € SL(2,R) with koo # 0, we set

=~ 1/]{?22 0
4.62 K = .
(462) ( ka1 kzz)

Note that K , K € SL(2,R). The proof of the following new inequalities is basically the
same as parts of the proof of Theorem 4.8.

THEOREM 4.63. Let [eVK | — I] € B¢, where K € SL(2,R) and v € R.
i) If k11 # 0, then we have that

(4.64) A (ETK) < M(EVK) < A€V K) < Ag(VK) < -+ - .
ii) If koo # 0, then we have that

(4.65) AM(ETK) < M (eVK) < Ay(e7K) < Ay(eK) < -

We remark that [¢VK | — I] and [¢7K | — I] are in the jump set JC.

Proor. 1) Let a1 = ]{712/1{711, z = e”/k:ll and b21 = ]{721/1{711; and define A(S) by
(4.23). Then, [¢"K | — I] = A(ar) and [V K | — I] = A(0) are on the loop C3,2,byy, the
only separated BC on this loop is T'x = lims_. o A(s), and TN Cs . p,, = A(0). Hence,
for each n € N, A\, (A(s)) is continuous in s on (—o0,0) and (0,+o0), and (4.24) holds.
Moreover, A, (A(s)) is increasing in s on (—o0,0) and (0, +0o0), and we have (4.26) and
(4.27). (So, for each n € N, the maximum value of A,, on Cs . ;,, is achieved at A(0).)
Therefore, for any sy € (0,+00) and s_ € (—o0,0),

1
PN

(4.66) M (A(sy)) < (K) < A(A(s2)) < Aq(A(0))
A2(A(s1)) < 1(K) < Aa(A(s-)) < A2(A(0))

which implies (4.64).
ii) By similar arguments using the loop Cy4 . p,, With appropriate z € C and bgo € R,
we deduce (4.65). B
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